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ABSTRACT
We study whether dry merger-driven size growth of massive elliptical galaxies depends
on their initial structural concentration, and analyse the validity of the homology hy-
pothesis for virial mass determination in massive ellipticals grown by dry mergers.
High-resolution simulations of a few realistic merger trees, starting with compact pro-
genitors of different structural concentrations (Se´rsic indices n), show that galaxy
growth has little dependence on the initial Se´rsic index (larger n leads to slightly
larger size growth), and depends more on other particulars of the merger history. We
show that the deposition of accreted matter in the outer parts leads to a systematic
and predictable breaking of the homology between remnants and progenitors, which we
characterize through the evolution, during the course of the merger history, of virial
coefficients K ≡ GM/Re σ2e associated to the most commonly-used dynamical and
stellar mass parameters. The virial coefficient for the luminous mass, K? , is ∼50 per
cent larger at the z ≈ 2 start of the merger evolution than in z = 0 remnants. Ignor-
ing virial evolution leads to biased virial mass estimates. We provide K corresponding
to a variety of dynamical and stellar mass parameters, and provide recipes for the
dynamical determination of galaxy masses. For massive, non-compact ellipticals, the
popular expression M = 5Re σ
2
e /G underestimates the dynamical mass within the
luminous body by factors of up to 4; it instead provides an approximation to the total
stellar mass with smaller uncertainty than current stellar population models.
Key words: galaxies: elliptical and lenticular, cD – galaxies: evolution – galaxies:
structure – galaxies: fundamental parameters – methods: numerical
1 INTRODUCTION
In the last decade various observations have shown that for
a given stellar mass galaxies at redshift z ∼ 1.5 − 2.5 were
much more compact than today (Daddi et al. 2005; Tru-
jillo et al. 2006, 2007; van Dokkum et al. 2008; Buitrago
et al. 2008; van der Wel et al. 2014). Galaxies with a stel-
lar mass of M ∼ 1012 M had effective radii of Re ∼ 1 kpc,
while today’s galaxies of that mass have an effective radius
of the order of 5 kpc. This means that the overall density
of high redshift ellipticals was more than 50 times higher.
There have been several attempts to dismiss these values
as an observational error, such as a strong morphological
K-correction or the presence of an active galactic nucleus
(Daddi et al. 2005), but later observations (Trujillo et al.
2006) disproved these alternative explanations, and the ex-
? E-mail: mfrigo@mpa-garching.mpg.de
istence of these compact galaxies at high redshift is now well
enstablished. Their remarkable density, coupled with their
low star formation rates and gas content earned them the
nickname ‘red nuggets’ (Damjanov et al. 2009). More recent
high redshift observations showed that a population of sim-
ilarly compact but star-forming galaxies existed at redshift
z > 2, suggesting that red nuggets formed by gravitational
collapse of gas into a small region followed by intense star
formation and rapid quenching (Dekel & Burkert 2014; van
Dokkum et al. 2015). In the local universe however, galaxies
of this compactness have been shown to be extremely rare
(Bernardi et al. 2006; Trujillo et al. 2009; Ferre´-Mateu et al.
2012; Peralta de Arriba et al. 2016). This suggests that be-
tween z = 2 and z = 0 they have probably evolved into the
more extended elliptical galaxies we see in the local universe.
The mechanism which caused this growth in size is still not
completely clear, but the most widely supported explana-
tion holds that the size growth of these galaxies is produced
c© 2017 The Authors
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mainly by major and/or minor dry mergers. Dry mergers are
mergers in which the gas content of the interacting galax-
ies is negligible, which is a reasonable approximation af-
ter the massive, compact galaxy is formed. This hypothesis
has received support from both observations and numerical
simulations. On the observational side it has been shown
that elliptical galaxies have likely grown inside-out, accret-
ing matter around their original dense cores (van Dokkum
et al. 2010; Trujillo et al. 2011; Cooper et al. 2012). In many
cases the dense cores of local massive ellipticals have the
same mass and density of the compact galaxies at high red-
shift (van Dokkum et al. 2014), indicating that this growth
process does not alter the matter distribution of the origi-
nal galaxy, but mostly extends it with new material. de la
Rosa et al. (2016) showed that the number density of galax-
ies hosting a compact core at z=0 is compatible with the
number density of compact ellipticals at high redshift, at
least when also considering disc-like galaxies with a com-
pact core. And while relic compact galaxies in the local uni-
verse are extremely rare, a merger-driven growth would also
explain their relatively higher frequency in cluster environ-
ments (Poggianti et al. 2013; Peralta de Arriba et al. 2016),
where mergers are less common due to the larger relative
speeds of galaxies. On the computational side, many stud-
ies have shown that dry mergers can produce the observed
size growth (Naab et al. 2009) and in particular that minor
mergers are the most efficient at increasing the size of the
galaxy (Hilz et al. 2012). This two-phase formation process
of massive ellipticals has also been succesfully recreated in
cosmological simulations (Oser et al. 2010, 2012), with the
expected size growth rate. Even though some computational
studies argued that additional physical processes must be
added to the pure dry merger scenario in order to explain
the observed growth (Nipoti et al. 2009b), especially at high
redshift (Cimatti et al. 2012), it is by now accepted that
dry mergers are the main mechanism driving this evolution
process.
If massive elliptical galaxies grew via minor mergers, in
which accreted matter settles mostly in the outer parts
without affecting the core, then galaxies will acquire a two-
component, core+envelope structure. Homology, the prop-
erty that two galaxies transform into each other by direct
scaling in size and/or mass, would be broken along the
merger growth. Validating homology is relevant for sort-
ing out the unphysical result that for many high-redshift
massive galaxies, and for some nearby compact ellipticals,
dynamical masses Mdyn from the virial theorem are lower
than luminous masses ML from stellar-population modelling
(Stockton et al. 2010; Martinez-Manso et al. 2011; Ferre´-
Mateu et al. 2012; Peralta de Arriba et al. 2014). These
authors obtain Mdyn from the formula:
Mdyn = KRe σ
2
e /G, (1)
(where Re is the effective radius and σe is the luminosity-
weighted velocity dispersion within Re; see Section 2), citing
Cappellari et al. (2006) to choose K ≈ 5 and assuming ho-
mology in order to apply this value of K to all their galaxies.
To explain the unphysical ML > Mdyn result, Martinez-
Manso et al. (2011) explored whether stellar-population
masses were being over-estimated , whereas Peralta de Ar-
riba et al. (2014, 2015) studied observational clues to the
assumption of homology. The latter authors argued that the
mass–size–velocity dispersion data of massive galaxies over
different cosmological epochs, as well as at a given z, are
incompatible with homology. Peralta de Arriba et al. (2014)
show that the ratio ML/Mdyn scales with the compactness
index of the spatial mass distribution CShen defined as
CShen ≡ Re/RShen(ML), (2)
where RShen(ML) is the radius-mass relation for local early-
type galaxies from SDSS by Shen et al. (2003). Hence, mass
discrepancy grows with compactness. There are two impli-
cations. First, the choice of K = 5 in equation 1 does not
provide good total dynamical masses. Second, K is very un-
likely to be constant, which implies non-homology. Overall,
a clear understanding of the applicability of the widely-used
equation 1 (with a constant value of K) is lacking.
The goal of the present work is to explore from a com-
putational standpoint how the structure of massive galaxies
influences the dry merger process and evolves with it. Our
study is not carried out as a full statistical analysis to com-
pare with observational samples, but as an estimation of the
effect and evolution of two galaxy parameters in a few real-
istic merger histories.
The first such parameter is the Se´rsic index (Sersic 1968),
which characterizes the changing slope of the surface bright-
ness profile of the galaxy with radius. By varying the initial
Se´rsic index of the main galaxy in our merger trees, the
dependence of the dry merging process on this parameter
is evaluated. This effect has not been studied before. The
evolution of the index and of the density profile in general
during the simulations is also analysed.
The second parameter employed to analyse the evolution of
the galaxy in the dry merging process is K from equation 1.
K depends on the Se´rsic index and the shape and size of
the dark matter halo, as well as on the orbital structure,
all of which can vary substantially across different galaxies.
In order to allow astronomers to use the virial mass estima-
tor more effectively, we report on the dependence of K on
the Se´rsic index and on the dark matter fraction within Re,
for equilibrium systems with Se´rsic indices and dark-matter
fractions ranging from compact to normal massive ellipti-
cals. We also report measurements of the evolution of K
during the dry merger evolution, and explore what mass pa-
rameter is best approximated when equation 1 is used with
K = 5.
Here follows the structure of the paper. Section 2
presents the equations for the virial mass equations. Sec-
tion 3 presents the details of the simulations used for this
study. In Section 4 the main results of the simulations are
presented and discussed. Section 5 analyses the evolution
of homology during the simulations, as characterized by
K, and presents relations for the dependence of K on
homology-invariant properties of the galaxy. Shortcomings
are discussed in Section 6, while Section 7 sums up the
conclusions. In Appendix A, the code which generated the
galaxy models in this study is presented.
MNRAS 000, 1–19 (2017)
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2 THE VIRIAL SCALING OF MASS, RADIUS
AND VELOCITY DISPERSION
Eqn. 1 derives from the balance of potential and kinetic
energies in steady-state gravitational systems, encapsulated
in the virial theorem (Binney & Tremaine 1987),
EP + 2EK = 0, (3)
when total potential and total kinetic energies are expressed
in terms of observables, such that:
EK ≡
∑
i
mi v
2
i /2 =
1
2
Mdyn〈v2〉 = 1
2
Kkin Mdyn σ
2
e (4)
and
EP ≡
∑
i,j
Gmimj/rij = −GMdyn
2
rg
= − 1
Kstr
GMdyn
2
Re
. (5)
In the equations above, the total mass Mdyn includes lu-
minous and dark matter, 〈v2〉 is the mean square speed of
the mass elements, and rg is the gravitational radius, de-
fined by equation (5). The indices i and j represent the sin-
gle elements (particles) of the gravitational system. Equa-
tions (4) and (5) define Kkin and Kstr as Kkin ≡ 〈v2〉/σe, and
Kstr ≡ rg/Re. Substituting into equation (3) and defining:
K ≡ KstrKkin (6)
we obtain the definition of K (Eq. 1) again. K thus does
not depend on the size or mass of a galaxy, but only on
the internal distribution of luminous and dark matter and
on the internal orbital structure. Since K encapsulates the
scaling of observables Re and σe to the internal mass and
velocity distribution parameters rg and 〈v2〉, different values
of K imply non-homology1.
Due to its scaling invariance, K and Equation 1 have
also been widely used to provide dynamical-mass estimates
in terms of the observables Re and σe. Cappellari et al.
(2006, 2013) provide one of the most popular calibrations
of K. Working with 2D spectroscopy of local-universe early-
type galaxies from the ATLAS3D survey, they derive mass-
to-light ratios within a sphere of radius Re, (M/L)r<Re ,
and thus dynamical mass estimates, using anisotropic Jeans
modelling of their kinematics. These mass-to-light ratios are
found to scale with Re and σe as:
(M/L)r<Re ≈ 5.0
Re σ
2
e
GL
, (7)
where L is the total luminosity in the I band calculated
through the Multi-Gaussian Expansion technique (Cappel-
lari 2002).
Since
(M/L)r<Re ≈ (M/L)r<r1/2 , (8)
1 Since K is the product of two terms (structural and kinetic),
the converse statement, namely that equal values of K imply
homology, is not generally true.
where r1/2 is the radius of the volume enclosing half the
total light, it follows that
Mdyn1/2 ≈ 2.5
Re σ
2
e
G
(9)
and, given that in massive early-types the luminous compo-
nent dominates the density in the central parts, the total
stellar mass of the galaxy is expected to be
ML ≈ 5.0Re σ
2
e
G
. (10)
Cappellari et al. (2013) use the mass-to-light ratios from
their Jeans anisotropic modelling to define a mass parameter
named MJAM, such that
MJAM ≡ (M/L)r<Re × L (11)
Given the above equations, MJAM is approximately
MJAM ≈ 5.0Re σ
2
e
G
, (12)
and approximately describes either the total luminous mass,
or twice the dynamical mass within r1/2:
MJAM ' 2Mdyn1/2 'ML (13)
Because of their simplicity, one would like to use equa-
tions (10) and (12) to obtain mass measurements for galax-
ies at high redshift. What is the accuracy of these scalings,
which are derived on local massive early-type galaxies, for
galaxies at high redshift? Our models can be used to provide
three answers: first, to quantify how the virial scaling coeffi-
cient K of spherical galaxy+halo models varies with galaxy
parameters such as Se´rsic index and dark matter fraction.
Second, to quantify the evolution of K along a merger se-
quence. And, third, to see how accurately the MJAM param-
eter measures ML or M
dyn
1/2 , i.e., to measure the errors intro-
duced in the assumption in equation (8). We address these
three points in subsections 5.1, 5.2 and 5.3 below. We use the
above results to show in subsection 5.4 what mass parame-
ters are best approximated by the expression 5Re σ
2 /G.
3 SIMULATING THE GROWTH OF
COMPACT ETGS
3.1 Initial galaxy models
Our initial galaxy models for the merger simulations are
two-component N -body spherical non-rotating models. A
full description is given in Appendix A, so only a brief sum-
mary is presented here. The luminous component follows a
Prugniel & Simien (1997) density profile:
ρlum(r) = ρlum(0)
(
bn
n r
Re
)−p
exp
{
−bn
(
r
Re
)1/n}
(14)
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which, in projection, accurately follows the Sersic (1968) sur-
face brightness profile
µ(R) = µ(0) exp
{
−bn
(
R
Re
)1/n}
(15)
where Re is the radius enclosing half the total mass in pro-
jection and n is the Se´rsic index which drives the central
concentration of the profile; see Appendix A for the defini-
tions of the other parameters in both expressions above, and
Trujillo et al. (2002) for an alternative deprojection of the
Se´rsic profile whose higher-accuracy is however not suitable
for the integrations needed to compute the model’s distri-
bution function.
The second component represents dark matter. Its par-
ticles follow the Hernquist (1990) profile
ρdark(r) =
M
2piaH3
(
r
aH
)−1(
1 +
r
aH
)−3
(16)
where M is the total mass of the dark matter halo and aH
is roughly the radius where the profile slope steepens from
-1 to -4, and is related to the halo half-mass radius as aH =
r1/2/(1 +
√
2). The Hernquist profile was chosen over the
NFW profile (Navarro et al. 1997) because, unlike the latter,
it has a finite total mass, and is thus more convenient for
constructing N -body models. It is also equivalent to a NFW
profile within its r1/2.
The models are generated in a state of near equilib-
rium, using a variant of the Osipkov-Merrit model (Binney
& Tremaine 1987). The distribution function of each com-
ponent is calculated separately with the Eddington formula:
f(E) = 1
2
√
2pi2
∫ E
0
d2ρ
dΨ2
1√
Ψ− E dΨ, (17)
where in the second derivative ρ is the density profile of the
single component and Ψ is the gravitational potential of the
whole system. The velocities of the particles are then as-
signed according to this distribution function, so that the
system is in near equilibrium. More details, including the
options for radial and tangential anisotropy, can be found
in Appendix A. In summary, a model is characterized by
7 parameters: the masses of the luminous and dark com-
ponents (Mstars, Mdark), their size parameters (Re, a), their
anisotropy radii, and the Se´rsic index n of the luminous com-
ponent. The generated models have excellent stability prop-
erties. All the models employed in this paper were isotropic.
3.2 Physical properties of the initial galaxies
Following the recipe of Tapia et al. (2013), the mass of the
galaxies and the spatial configuration of the mergers have
been obtained identifying two merger trees in the GAL-
FOBS project (Galaxy Formation at Different Epochs and
in Different Environments: Comparison with Observational
Data), a series of N-body+SPH cosmological simulations
with (29)3 baryonic particles and (29)3 dark matter par-
ticles. The two merger trees will be identified as A and B,
and correspond to the merger trees 7 and 3 of Tapia et al.
(2013), respectively. The size of the progenitor galaxies was
Table 1. Input parameters of the initial galaxies.
ID ML Re r1/2,dark n z
(1011M) (kpc) (kpc)
Progenitor A 1.68 1.020 66.6 1,2,4 2.5
Satellite A1 0.480 1.860 58.1 2 1.30
Satellite A2 0.166 1.094 42.6 2 1.00
Satellite A3 1.661 5.189 124.3 2 0.10
Progenitor B 0.520 0.960 44.7 1,2,4 2.5
Satellite B1 0.371 1.928 64.9 2 0.55
Satellite B2 0.162 1.263 49.2 2 0.40
Satellite B3 0.527 2.625 79.6 2 0.20
chosen to emulate the observed compact elliptical galaxies.
The size of the satellites was instead taken from the empir-
ical law by Shen et al. (2003), which gives us the effective
radius of elliptical galaxies as a function of mass:
Re
kpc
= 1.15
(
ML
1010M
)0.56
. (18)
This formula was obtained by fitting data of early-type el-
liptical galaxies in the Sloan Digital Sky Survey. It was de-
rived from data of the local universe, therefore it needs to
be rescaled taking into account the evolution with redshift.
To this purpose, we use the relation by Trujillo et al. (2006):
Re(z) = Re(0) · (1 + z)−0.45±0.10. (19)
These relations are not the most recent in the literature, but
they are sufficient for the scope of this work. The satellites
have been generated with a Se´rsic index of n = 2, which is a
realistic value forintermediate mass elliptical galaxies (Caon
et al. 1993).
All the initial models are isotropic. Before the beginning of
the main simulations they have also been left evolving on
their own for ∼ 170 Myr, to ensure stationarity. All of their
properties are shown in Table 1 and Table 2.
3.3 Properties of the dark matter haloes
All the galaxy models used in our simulations have a dark
matter halo whose density profile follows the Hernquist law
(Equation 16), with mass 10 times the mass of the luminous
component of the galaxy. This fixed value, while not nec-
essairly cosmologically accurate, results in realistic central
dark matter fractions of the final galaxies.
To choose the size of the halo several studies that evaluate
the relation between the concentration c of a dark matter
halo and its mass and redshift have been considered (see Coe
(2010) for a review). The concentration parameter is defined
as c200 = r200/rNFW, where rNFW is the characteristic ra-
dius of the NFW profile which best fits the halo and r200 is
the radius at which the average density inside it is 200 times
the critical density ρc of the universe (i.e., the virial radius):
MNRAS 000, 1–19 (2017)
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Table 2. Configuration of the mergers.
ID Mass Rin φ θ vR vT
ratio (kpc) (deg) (deg) (km s−1) (km s−1)
Merger Tree A
A1 3.5 44.93 0 0 -322.45 163.43
A2 13.0 33.92 56 45 -361.40 177.11
A3 1.4 57.60 59 156 -204.46 179.66
Merger Tree B
B1 1.4 59.90 0 0 -261.49 156.71
B2 5.5 28.29 45.31 25 -265.20 170.85
B3 2.0 34.43 55.04 128 -226.48 207.24
r200 =
(
M200
4/3pi 200 ρc
)1/3
. (20)
This allows to convert an equation for the concentration into
an equation for a size parameter of the halo, rNFW. Most
of the published c = c(M, z) relations are in the format
c = (A/(1 + z)B)MC (e.g., Bullock et al. (2001)). For the
models in these simulations we used the one by Duffy et al.
(2008), obtained through a cosmological simulation, which
is the most recent in this format:
c200 =
6.71
(1 + z)0.44
(
Mhalo
2 · 1012 h−1 M
)−0.091
. (21)
More recent papers (e.g., Prada et al. (2012)) propose a
much more complicated model to determine halo concentra-
tions, but in the range of mass covered by the galaxies in
these simulations the results are very similar. The value of
the critical density is a function of redshift, and has been
calculated for a standard Λ-CDM cosmology with H0 =
70.4 km s−1 Mpc−1, Ωd = 0.728, Ωm = 0.272, Ωrad ' 0,
and Ω = 1 (Jarosik et al. 2011):
ρc =
3H20
8piG
(Ωd + Ωm a
−3 + Ωrad a
−4 + (Ω− 1) a−2), (22)
where a = 1/(1 + z) is the scale parameter of the universe.
In order to obtain the Hernquist size parameter aH from
rNFW we derived the Hernquist model with the same mass
inside its Hernquist radius as the NFW model up to that
same radius. It is:
aH =
(
1√
k
− 1
)
rNFW, (23)
where
k ≡ log 2−
1
2
log(1 + c200)− c200c200+1
.
Putting all these equations together we obtain a relation be-
tween the Hernquist parameter of a halo and its mass and
redshift, which is what has been used to generate the mod-
els. The choice of using a Hernquist profile rather than an
NFW for generating the dark matter haloes has minimal ef-
fects on the merger evolution, as the density of the haloes is
equivalent in the region where dark matter dominates. Due
to the kind of matching we applied, the Hernquist halo can
be up to 40% more massive than the equivalent NFW within
the Hernquist radius, which impacts the value of K of the
initial models. The effect is however small (∼ 2% for K? ),
and arguably a more concentrated halo within the central
region is more realistic anyway, due to the compactness of
the galaxy it hosts.
It is worth noting that the size of the dark haloes used in
these simulations depends only on their mass and redshift,
not on the size of the luminous component. This means that
the compact primary galaxies have a very large dark mat-
ter halo relatively to their size. This is realistic if we imag-
ine that these galaxies have shrunk to their current size by
gas dissipation. For comparison, in the simulations of Tapia
et al. (2013) all the galaxies were assigned a dark matter
halo 4.8 times larger in half-mass radius and 10 times larger
in mass than the luminous component. This difference is ex-
pected to cause lower velocity dispersions in our galaxies,
as well as a smaller growth of the velocity dispersion itself
during the mergers.
3.4 Computational details
The simulations were carried out using the Gadget2 tree-
SPH code (Springel 2005) on the LaPalma cluster and on
machines of the Instituto de Astrofisica de Canarias. In
each merger tree the mass of the particles is set so that the
primary galaxies have 50000 luminous matter particles at
the beginning of the simulations: 3.35 · 106 M in Merger
Tree A and 1.04 · 106 M in Merger Tree B. The mass of
dark matter particles is set as twice the one of luminous
particles. The total number of particles in each Merger Tree
is about 750000, of which about 200000 of luminous matter.
The softening length was set at 16 pc for visible matter
and at 32 pc for dark matter. All the models have been
left evolving in isolation before the mergers, to make sure
that they are stable. Each of the simulated merger events
has been carried out indipendently, waiting for the galaxies
to be fully merged before beginning the next merger. After
each merger is completed, particles at more than 80 kpc
from the galaxy centre are removed, and the remnant is
positioned according to the initial orbital parameters of
the next merger from the cosmological simulation. Almost
all of the mergers were over after 6000 internal time units
(about 2 Gyr). The idle times between mergers have not
been simulated. The unit conversion between the internal
units used in the simulations and the physical units shown
in the paper is the following: [L]=0.8 kpc, [M]=1012 M,
[T]=0.34 Myr, [V] = 2318.14 km s−1. Throughout the
simulations energy is conserved within 0.1 per cent.
3.5 Analysis methods
The measurements of effective radius Re and effective ve-
locity dispersion σe have been carried out with a routine
that mimicks the limits of real astronomical measurements
due to the background luminosity. We iteratively cut off the
galaxy where the circularly-averaged surface density profile
gets 6 magnitudes below the effective surface density, and
proceed to measure the effective radius from the curve of
MNRAS 000, 1–19 (2017)
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growth of this cut model. We then calculate σe by interpo-
lating the integrated line of sight velocity dispersion profile
with a polynomial and evaluating it at Re. The reported
values of ML , Re and σe and their errors are the averages
and dispersions, respectively, over measurements for 30 ran-
dom orientations of the models. The stellar mass ML is the
luminous mass inside the cutoff radius. The Se´rsic index n
was determined by fitting the Se´rsic law to the circularly-
averaged surface mass density profile of the galaxies, using
the Levenberg-Marquardt non-linear fitting method (Press
et al. 1992). The Se´rsic index, the effective radius and the
effective luminosity were used as free parameters, and all the
fits were carried out in the radial range 0.08 kpc - 80 kpc.
The displayed value of n is again the average over viewing
angles. In order to evaluate how well the Se´rsic laws repre-
sent our surface density profiles we computed the reduced
χ2 value for every fit, using the formula:
χ2ν =
1
Ndata
∑
data
(Σdata − Σfit(Rdata))2
σ2Σ
(24)
The χ2ν values displayed in Table 3 are the average over dif-
ferent viewing angles. The best-fitting values of Re from the
Se´rsic fits are generally compatible with the ones from the
curve of growth, which are shown in the tables. They can
however differ significantly in the cases where the galaxies
are not well fitted by a Se´rsic law. The errors displayed in
the tables and figures of this paper have been calculated by
summing quadratically the dispersion of the quantity over
the different viewing angles with the intrinsic measurement
error (averaged over the viewing angles). It should not come
as a surprise that these errors are many times smaller than
typically found on observational data: masses and velocity
dispersions are very well-defined quantities in N -body mod-
els, and are not subject to uncertainties of measurement on
real systems.
4 RESULTS
Results are summarized in Table 3, which lists luminous
mass, effective radius, velocity dispersion and Se´rsic index
for each merger tree. Values are given for the initial model,
after each merger is complete, and at z = 0. For comparison,
Table 3 also shows the measurements of Tapia et al. (2013)
for the initial and final systems. Our analysis focuses less
on the evolution with redshift, which has been amply doc-
umented in previous works with more statistics (e.g., Oser
et al. 2012; Tapia et al. 2013), and more on the relations be-
tween mass, size, velocity dispersion and Se´rsic index, which
provide clues on the types of equilibria that are generated
by the merger processes modelled here.
4.1 Mass and size growth
The evolution of Re with ML is depicted in Figure 1(a). Re
gets significantly larger in the six merger trees. Each model
starts in the region of compact massive galaxies, Re = 1
kpc, and finishes near the mass-size relation for early-type
galaxies in the local universe, outlined in the figure with
the Shen et al. (2003) relation. The average ratio of the size
increase is about 4.5, while the average ratio of the mass
increase is 2.5. The total growth is similar to that found by
Figure 1. (a) Luminous mass vs. Effective radius for the six
merger trees, color-coded as in the legend. Dotted lines show
power-law fits Re ∝MαL from orthogonal regressions to data from
each tree. The dashed line traces the mean mass-radius relation-
ship for SDSS early-type galaxies from Shen et al. (2003). (b) Lu-
minous mass vs. effective velocity dispersion σe for the six merger
trees. The dotted lines trace power-law fits from orthogonal re-
gressions. The dashed lines trace the locus of velocity dispersion
that would be expected from homology. (c) Luminous mass vs.
the virial constant K? ≡ GML/Re σ2e (eqn. 27) for the six merger
trees. The dotted lines are power-law fits from orthogonal regres-
sions.
other authors, although it is somewhat smaller than what
Tapia et al. (2013) found for the same merger trees, possibly
because of the different initial models. The growth closely
follows a power-law of the luminous mass, Re ∝ (ML)ρ;
orthogonal fits yield slopes ρ from 1.38 to 1.97 for the six
merger trees, with a mean of ρ = 1.68. Already noted by
many authors, the pronounced growth of Re is the result
of the deposition of accreted matter in the outer parts. For
illustration, Figure 2 shows the surface mass density and
velocity dispersion profiles of the final galaxy of Merger Tree
A for the three different initial Se´rsic indices. The profile of
the final galaxy is compared with the profiles of the matter
from the progenitor and from the satellites within the final
galaxy, as well as with the profile of the progenitor before the
mergers took place. As can be seen in the figure, the matter
from the satellites dominates in the outer parts of the final
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Figure 2. Upper panels: Surface mass density profile of the final galaxy of Merger Tree A in the three cases (n = 1, 2, 4) compared to
the contributions from the progenitor and each satellite. The surface brightness of the original progenitor (before the mergers) is also
shown for comparison. Lower panels: line of sight velocity dispersion profile of the final galaxy and its components taken separately. The
satellite data inside 0.5 kpc are omitted given the low density of satellite particles at small radii.
Figure 3. Comparison of the contributions of each satellite to the surface mass density profile of the final galaxy of Merger Tree A in
the three cases (n = 1, 2, 4).
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Table 3. Physical properties (stellar mass, effective radius, Se´rsic index and velocity dispersion) of the main galaxy after each stage of
each merger tree. 0=progenitor galaxy, 1=remnant of the first merger, 2=remnant of the second merger, 3=final remnant, 3p= material
from the progenitor in the final remnant.
Merger Stage ML Re σe n χν
2
Tree (1011M) (kpc) (km s−1)
A,n = 4
0 1.62± 0.00 1.06± 0.00 328.94± 0.93 4.15± 0.05 1.2
1 2.03± 0.01 1.61± 0.02 312.71± 1.30 5.92± 0.20 6.6
2 2.17± 0.01 1.89± 0.03 310.33± 1.02 6.81± 0.23 9.4
3 3.86± 0.02 5.70± 0.43 281.71± 4.55 7.49± 0.42 103.0
3p 1.58± 0.00 1.11± 0.01 315.88± 1.08 4.58± 0.07 6.1
A,n = 2
0 1.66± 0.00 1.04± 0.00 312.73± 1.10 2.06± 0.02 1.0
1 1.99± 0.01 1.38± 0.01 306.81± 1.50 3.33± 0.11 31.2
2 2.12± 0.01 1.64± 0.01 301.93± 0.88 3.81± 0.11 49.6
3 3.86± 0.01 5.31± 0.40 282.50± 3.88 5.45± 0.27 79.3
3p 1.64± 0.00 1.31± 0.01 305.25± 0.68 2.10± 0.03 11.9
A,n = 1
0 1.67± 0.00 1.03± 0.00 309.01± 0.95 1.04± 0.01 1.0
1 1.93± 0.02 1.26± 0.01 307.18± 1.64 2.13± 0.06 136.5
2 2.08± 0.01 1.56± 0.01 307.40± 0.68 2.68± 0.07 169.9
3 3.84± 0.02 5.06± 0.41 281.09± 3.98 4.86± 0.25 160.3
3p 1.66± 0.00 1.50± 0.01 305.01± 1.16 1.27± 0.01 10.7
B,n = 4
0 0.50± 0.00 0.99± 0.00 190.32± 0.70 3.89± 0.05 1.1
1 0.84± 0.00 2.37± 0.14 185.27± 3.78 6.16± 0.35 6.5
2 0.98± 0.00 3.20± 0.15 180.62± 2.64 6.64± 0.22 14.6
3 1.49± 0.00 4.84± 0.26 180.39± 3.99 5.16± 0.11 71.0
3p 0.47± 0.00 1.14± 0.01 189.19± 0.83 7.04± 0.21 6.3
B,n = 2
0 0.51± 0.00 0.97± 0.00 181.25± 0.39 1.99± 0.02 1.1
1 0.83± 0.00 1.89± 0.07 181.43± 2.49 4.52± 0.17 42.1
2 0.97± 0.00 2.52± 0.08 178.81± 2.69 5.04± 0.15 40.7
3 1.49± 0.01 4.31± 0.25 179.57± 4.51 4.61± 0.13 29.0
3p 0.49± 0.00 1.10± 0.01 179.85± 0.43 2.91± 0.05 28.9
B,n = 1
0 0.52± 0.00 0.96± 0.00 179.74± 0.73 1.03± 0.01 1.1
1 0.80± 0.00 1.63± 0.03 183.09± 2.70 3.34± 0.10 154.8
2 0.95± 0.00 2.22± 0.05 180.20± 2.07 4.30± 0.16 176.9
3 1.49± 0.01 4.19± 0.27 179.78± 4.32 4.24± 0.12 100.8
3p 0.50± 0.00 1.20± 0.01 183.01± 0.54 1.49± 0.02 28.3
Tapia 0 1.48 1.02 414.48 ... ...
A 3 3.63 5.75 412.40 ... ...
Tapia 0 0.45 0.96 231.35 ... ...
B 3 1.46 6.74 275.86 ... ...
galaxy, and the core of the progenitor is largely unaffected.
This shows that size growth is mostly determined by the
accretion of matter from the satellites in the outer parts of
the primary galaxy.
Table 3 shows that the growth process has a very small
dependency on the Se´rsic index of the initial galaxy. Galaxies
with larger initial n grow slightly larger than galaxies with
smaller initial n. The dependence on the particulars of the
merger tree is however much more important: the average
growth rate for the two merger trees taken separately is
ρA = 1.96 ± 0.06 for tree A and ρB = 1.46 ± 0.09 for tree
B. The very limited statistics we have already show that
growth-rate differences due to the progenitor Se´rsic index
are much smaller than those arising from the merger history.
To illustrate why the dependency of the growth rate on the
primary Se´rsic index is so small, we plot in Figure 3 the
surface density distribution of matter originally belonging to
each of the three satellites in merger tree A. In each of the
top panels we compare the surface densities after mergers
with primaries with n = 1, 2, 4, while the lower panels show
the corresponding line-of-sight velocity dispersion profiles.
Clearly, surface density and velocity dispersion profiles vary
significantly from satellite to satellite, as would be expected
from differences in mass ratio and merger orbits. But for
each satellite, the surface densities and velocity dispersion
profiles of the accreted matter do not change significantly
with the Se´rsic index of the primary. The reason for this
behaviour is likely to be that most of the orbital energy of
the satellite galaxies is absorbed by the dark haloes rather
than by the luminous components, given the small size of
the compact primaries.
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4.2 Evolution of the velocity dispersion and the
virial coefficient
Figure 1(b) shows the evolution of the effective velocity dis-
persion σe with ML. We find a slight σe decrease as mass
grows, compatible with the decrease of σe with redshift mea-
sured by Oser et al. (2012), and contrary to the increase of
σe with mass found by Nipoti et al. (2009b) and Tapia et al.
(2013). The difference between these studies is probably re-
lated to the different sets of initial conditions. Tapia et al.
(2013) used the same stellar masses, sizes and orbital pa-
rameters of this paper, so we can assume that the increase
in σe they observe is caused by their choice of more compact
satellites (built according to a Jaffe profile) and/or by the
higher concentration of their dark matter haloes. More com-
pact satellites would plunge deeper in the potential of the
main galaxy, while more compact dark matter haloes mean
more mass in the outer parts of the galaxy; both of these
effects contribute to an increase in σe. Our velocity disper-
sion trend is well modelled with a power-law σe ∝ (ML)Σ,
with ΣA = −0.14± 0.02 and ΣB = −0.02± 0.01 for merger
trees A and B, respectively. Even though the entity of this
small drop in σe seems to depend on the Se´rsic index of
the progenitor, this dependence is driven uniquely by the
slightly higher σe of initial models with higher n. Finally,
we show in Figure 1(c) the evolution of the virial coefficient
K? (eqn. 27). K? closely follows a power-law K? ∝ (ML)κ,
and from the K? definition its exponent follows
κ = 1− ρ− 2 Σ (25)
Clearly, K? does not remain constant, a sign that merger
products are not homologous with precursors. Figure 1 al-
ready shows that homology is not fulfilled, because either
size growth is too pronounced for the shallow change in ve-
locity dispersion, or velocity dispersion does not decrease
as much as would be necessary for the given size growth.
We plot (dashed lines in Figure 1[b]) the trend of velocity
dispersion along the merger sequence which would corre-
spond to homology between precursors and remnants. The
evolution of K? along a merger sequence was also studied
in (Nipoti et al. 2009b), where the parameter appears as
c? = 1/2K? . They also find a decrease of K? albeit weaker
than in our simulations (κ = −0.22, compared to κ = −0.52
in our case), due to smaller size growth they observe. This
difference likely has to do with their different set of initial
conditions, specifically the fact that their satellite galaxies
are as compact as the progenitors. We expand the analysis
of K? in Section 5.
4.3 Evolution of the Se´rsic index
The Se´rsic index of the main galaxy grows significantly in all
cases. This is caused by both the matter added in the out-
skirts by the satellites and by the dense cores, which become
‘smaller’ with respect to the new effective radius. Because of
this composite nature, the surface brightness profile of the
final galaxies is not well fitted by a Se´rsic law, but shows
two ‘bumps’ corresponding to the core and to the matter
from the satellites. Figure 4 shows the profile of one of the
remnant galaxies (the Merger Tree B, n = 2 case) fitted
with a Se´rsic law, and the residuals of the fit. This causes
Figure 4. Fitting with a Se´rsic law of the remnant galaxy of the
Merger Tree B with initial n = 2. The result of the fit is n = 4.3
with χν2 ∼ 32.7.
the very high χν
2 values in Table 3. After the first merg-
ers have occurred, all our galaxies have Se´rsic index fairly
close to n = 4, and the difference between the progenitors
essentially vanishes.
Hilz et al. (2013) also studied the evolution of the Se´rsic
index in dissipationless mergers, and like in our case found
that it consistently increases. They also found that the entity
on this increase depends on whether the mergers are major
(from n = 4 to n = 7) or minor (from n = 4 to n = 9.5). Our
galaxies grow through both minor and major mergers, and
the extent of the increase of their Se´rsic index is not as great:
in the two cases with n = 4 progenitors, it reaches n = 7.5
and n = 5.2 respectively. Taranu et al. (2013) measured
the Se´rsic index of merger remnants of spiral galaxies with
n = 1 and n = 4 bulges. The ellipticals they obtained had
on average index n 3 and n 5 in the two cases respectively.
The specific final value of the Se´rsic index likely depends on
many details of the merger history, but dry mergers seem to
always cause it to grow. Nipoti et al. (2003) found that n can
decrease in head-on minor mergers, but increases otherwise.
4.4 Evolution of the dark matter fraction
The dark matter fraction within the effective radius,
fDM(r < Re), consistently increases along the merger trees,
from 0− 5% to 20− 30%. The values can be found in Table
5. This increase is mostly due to the larger growth of the
luminous effective radius compared to the growth in size of
the dark matter component. The expansion of the luminous
body of the galaxy engulfs more and more of the dark mat-
ter, increasing the value of fDM(r < Re). The effect is even
stronger for the dark matter fraction within the full lumi-
nous body of the galaxy, fDM(r < rcutoff), which increases
from 20 − 50% to about 75%. Other studies (Nipoti et al.
2009a; Hilz et al. 2013) also found a similar increase, even
though their initial models had different (higher) dark mat-
ter fractions.
MNRAS 000, 1–19 (2017)
10 M. Frigo and M. Balcells
5 VIRIAL MASSES AND HOMOLOGY IN THE
EVOLUTION OF COMPACT ETGS
We now turn to the analysis of virial mass estimators M =
KReσ
2
e/G, with the aim of providing the virial coefficient K
for a variety of useful mass parameters, and to infer limits
to the validity of the homology hypothesis.
We measure three different virial coefficients K. First,
K1/2,dyn associated to M
dyn
1/2 , the dynamical (luminous plus
dark) mass within the 3D half-light radius r1/2,
K1/2,dyn ≡
G (ML+D)r<r1/2
Re σ2e
. (26)
The interest of K1/2,dyn stems from the fact that it may
be calibrated on real data, given that Mdyn1/2 may be in-
ferred from kinematic measurements and dynamical mod-
elling (Cappellari et al. 2006, 2013).
Second, K? associated to the total luminous mass ML :
K? ≡ G (ML)r<rcutoff
Re σ2e
, (27)
where rcutoff is the radius of the sphere containing the lumi-
nous body, chosen to be the radius where the surface density
profile of the luminous matter is 6 magnitudes lower than
the surface density at Re, i.e., traces the luminous mass of
the models out to where light is detected in typical deep
optical images. K? and K1/2,dyn are related by
K1/2,dyn =
K?
2
1
1− fDM(r1/2) (28)
Third, Klim associated to the dynamical mass within the
luminous limit of the galaxy Mlim :
Klim ≡ G (ML+D)r<rcutoff
Re σ2e
= K?
1
1− fDM(rcutoff) .
(29)
In addition, we compute Cappellari’s MJAM:
MJAM =
(
ML+D
ML
)
r<Re
(ML)r<rcutoff (30)
which we compare to ML, M
dyn
1/2 and (ML+D)r<rcutoff in Sec-
tion 5.3.
For all the K determinations, masses are directly obtained
from the models by adding particle masses; luminous parti-
cles are all assumed to have the same mass.
5.1 The dependence of K1/2,dyn, K? and Klim on
structural parameters
As noted in Section 2, the K parameters (eqns. 26 - 29)
do not depend on the size or mass of a galaxy, but only
on the internal luminous and dark mass distribution and
on the internal orbital structure. For an isolated isotropic
galaxy model following a Se´rsic law, with no dark matter,
the value of K? depends only on the Se´rsic index n. An
empirical relation between the two can easily be obtained by
measuring K? using equation (27) and n in different Se´rsic
Figure 5. (a): Values of K1/2,dyn obtained for dynamically
stable isotropic models with Se´rsic index n and different dark
matter fractions within Re. Dashed lines are the best polynomial
fits K?(n) for each dark matter fraction, which are presented in
Table 4. In all models the total dark matter mass is 10 times the
luminous mass of the galaxy. The size of the halo is adjusted to
obtain the specific dark matter fraction within Re. (b): same for
K? . (c): same for Klim.
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Table 4. Low-order fits of K1/2,dyn K? and Klim to the Se´rsic index n for equilibrium isotropic Se´rsic models inside Hernquist haloes,
for a range of dark matter fractions within Re.
fDM K1/2,dyn(n) K?(n) Klim(n)
0% 4.17− 0.32n+ 0.01n2 8.34− 0.64n+ 0.01n2 8.34− 0.64n+ 0.01n2
15% 3.56 + 0.13n− 0.05n2 5.93− 0.17n− 0.00n2 6.34 + 6.15n− 0.76n2
30% 3.30 + 0.38n− 0.08n2 4.39 + 0.06n− 0.00n2 6.12 + 7.57n− 0.84n2
45% 3.27 + 0.46n− 0.08n2 3.25 + 0.16n− 0.00n2 6.36 + 7.32n− 0.72n2
75% 3.17 + 0.56n− 0.07n2 1.76− 0.02n+ 0.02n2 7.09 + 3.31n− 0.14n2
models. Such relations have already been obtained by other
studies such as Bertin et al. (2002), who however used a
different definition of the velocity dispersion, and Cappellari
et al. (2006), who covered a different n range than we do
here. Our relation is an almost linear monotonic decreasing
function, close to the one by Cappellari et al.:
KnoDM? (n) = 8.34− 0.64n+ 0, 01n2. (31)
K? decreases with n because a higher n has higher inner
velocity dispersion σe for constant ML and Re. We show
below that equation (31) provides a good approximation to
the values of K? for models of massive ellipticals embedded
in dark matter haloes. Indeed the dark matter contribution
to the gravitational potential within Re is small in massive
ellipticals. Nevertheless, predictions of K? that take into ac-
count the dark matter contribution are important to account
for the variation of this contribution when Re changes sig-
nificantly, such as in the merger evolution of these massive,
compact ellipticals. The same applies to K1/2,dyn and Klim.
Empirically obtaining the dependence of the virial co-
efficients K?, K1/2,dyn and Klim on n for a range of dark-
matter fractions is straightforward, given that our model-
building code generates two-component models with excel-
lent equilibrium properties. Moreover, within the luminous
body our halo density profile is a close match to a NFW pro-
file. A series of isotropic models with different dark matter
fractions and Se´rsic indices were generated. Different dark
matter fractions fDM(Re) were obtained by modifying the
size of the haloes, keeping halo (and luminous) masses un-
modified. The models were allowed to relax in isolation be-
fore measuring K1/2,dyn, K? and Klim.
The trends of K1/2,dyn, K? and Klim with n are shown
in Figure 5, while polynomial fits are tabulated in Table 4.
Figure 5(a) shows K1/2,dyn. For no dark matter we obtain
exactly half of the K from equation 31. As expected, at
each n, K1/2,dyn increases for higher fDM(Re). For n and
fDM(Re) expected of massive ellipticals in the local universe,
K1/2,dyn ≈ 3 yields a good approximation to Mdyn1/2 .
K?, shown in Figure 5(b), decreases with the increase
of fDM(Re) for each n: adding dark matter brings σe up,
an effect which is stronger at low n. Since σe ∝ML+D(Re),
this dependence roughly goes as K? ∝ (1− fDM(Re)). With
a higher dark matter fraction, K? also depends less on n
and more on the mass distribution of the dark matter halo
with respect to the effective radius of the luminous com-
ponent. K? lies in the range ∼4 to 8 for dark-matter frac-
tions expected in massive ellipticals. K? ≈ 5 is obtained
for high n and fDM(Re) 6 30 per cent, and for any n when
fDM(Re) ≈ 25 per cent. Hence, K? = 5.0 yields a reasonable
estimate of the luminous mass of de Vaucouleurs galaxies,
but underestimates it for compact galaxies (fDM(Re) ≈ 0)
when the mass distribution has low n. For the latter, for the
virial equation to yield ML, one needs to boost K? up by 50
per cent from the canonical value K? = 5.0.
The Klim dependence on n is plotted in Figure 5(c).
Note the change in vertical scales in relation to the other
panels. The curve corresponding to no dark matter is iden-
tical to that for K? (equation 31). For models with dark
matter, because the dark matter fraction within the lumi-
nous body is much larger than that within Re, Klim is always
larger than K?. Contrary to the behaviour of K?, Klim in-
creases with n because higher n leads to a more extended
light distribution, hence rcutoff encompasses more of the dark
halo mass. The extent to which Klim is higher than K? is a
measure of the amount of dark matter within the luminous
body. In our merger models (Table 5) Klim/K? starts at ∼
1.5 in the compact primaries, and evolves to Klim/K? ∼ 3.5
in the extended z = 0 remnants, corresponding to final dark-
matter fractions of ∼70 per cent. The values of Klim for our
equilibrium models with dark matter, which lie in the range
Klim = 10 − 25, imply that, if a galaxy is embedded in an
extended dark matter halo, the expression M = 5Re σ
2 /G
provides an underestimate, by factors of 2 to 5, to the dy-
namical mass within the luminous body of the galaxy. We
provide clues on the interpretation of M = 5Re σ
2 /G in
Sec. 5.4.
5.2 Evolution of K1/2,dyn, K? and Klim as a
compact galaxy grows in size due to dry
mergers
We now address how much do the virial coefficients K1/2,dyn,
K? and Klim evolve as a consequence of the structural and
dynamical changes that occur as a galaxy grows by mergers.
For the six merger trees, the virial coefficients were com-
puted at the end of each merger and at the final configura-
tion at z = 0. The results are listed in Table 5, and plotted
in Figures 6, 7, 8, 9 (the K? values are those already plotted
against ML in Figure 1). In Figure 6 we include the trends
of each K vs n for equilibrium, isotropic models for various
n and fDM(Re), from Figure 5. In all the plots, evolution
occurs from left to right.
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Figure 6. (a): Evolution of K1/2,dyn during the merger-driven
growth for all merger trees, plotted against the Se´rsic index n.
The general direction of evolution is from left to right. Dashed
and dotted lines show the K(n) relations for equilibrium Se´rsic
models with typical dark-matter fractions, from Figure 5. (c):
same for K? . (c): same for Klim .
Figure 7. (a): Evolution of K1/2,dyn during the merger-
driven growth, plotted against the percentage dark-matter frac-
tion within Re. (b): same for K? . (c): Evolution of Klim during
the merger-driven growth, plotted against the percentage dark-
matter fraction within rcutoff .
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Figure 8. (a): Evolution of K1/2,dyn during the merger-
driven growth, plotted against the compactness index CShen ≡
Re/RShen(ML). (b): same for K? . (c): same for Klim .
Figure 9. Evolution of Kkin and Kstr through the dry merger
simulations, as a function of Klim . Kstr is driving the evolution of
Klim . Different markers and colors identify the different merger
trees: stars are Merger Tree A, points Merger Tree B, red is initial
n = 4, green initial n = 2, blue initial n = 1.
5.2.1 Evolution of K1/2,dyn
For K1/2,dyn (panels [a] of Figures 6, 7 and 8) evolution is
moderate: 10 to 15 per cent drop from start to end of each
merger tree, to be compared with the drop in K? (30 to 40
per cent, panels [b] of Figures 6, 7, 8). One might have ex-
pected a stronger change, given that n increases by factors
of ∼2 and fDM(Re) by factors of ∼8. But given the rela-
tion between K1/2,dyn and K? (Equation 28), as the galaxy
grows, the increase of fDM(Re) partly compensates the drop
of K?. It is due to the double dependency of K1/2,dyn on
Re and on fDM(Re) that K1/2,dyn is the least sensitive of
the three K parameters to galaxy growth. K1/2,dyn should
therefore change very little with compactness (equation 2)
and we show in Figure 8a that this is the case.
5.2.2 Evolution of K?
The evolution of K? is plotted in panels (b) of Figures 6, 7, 8.
K? drops by a factor of 30 to 40 per cent, three times more
than K1/2,dyn. At the end of the evolution, corresponding
to massive, normal-size ellipticals, models show K? ≈ 3.7−
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Table 5. Evolution of the parameters K1/2,dyn K? and Klim
measured through the dry merger simulations. The evolution of
the Se´rsic index and of the dark matter fraction within Re are
also shown. M0=Initial model, M1=After merger 1, M2=After
merger 2, M3=Final remnant.
ID K1/2,dyn K? Klim n fDM
Merger Tree A, n=4
M0 3.1± 0.0 6.1± 0.0 9.8± 0.1 4.2± 0.1 1.8%
M1 2.9± 0.1 5.5± 0.1 12.4± 0.2 5.9± 0.2 3.9%
M2 2.7± 0.1 5.1± 0.1 13.1± 0.3 6.8± 0.3 5.5%
M3 2.5± 0.2 3.7± 0.5 12.6± 1.7 7.5± 0.5 21.3%
Merger Tree A, n=2
M0 3.6± 0.0 7.0± 0.1 9.6± 0.1 2.1± 0.0 3.1%
M1 3.4± 0.0 6.6± 0.1 13.1± 0.2 3.3± 0.1 5.7%
M2 3.3± 0.0 6.1± 0.1 14.5± 0.2 3.8± 0.1 10.1%
M3 2.8± 0.3 3.9± 0.5 14.1± 2.0 5.5± 0.3 26.5%
Merger Tree A, n=1
M0 3.8± 0.0 7.3± 0.1 8.6± 0.1 1.0± 0.0 3.6%
M1 3.7± 0.1 7.0± 0.1 11.8± 0.2 2.1± 0.1 8.2%
M2 3.5± 0.0 6.1± 0.1 13.0± 0.2 2.7± 0.1 17.9%
M3 3.0± 0.3 4.1± 0.6 14.8± 2.2 4.9± 0.3 28.1%
Merger Tree B, n=4
M0 3.1± 0.0 6.0± 0.1 11.5± 0.1 3.9± 0.1 3.4%
M1 2.5± 0.2 4.4± 0.4 12.0± 1.2 6.2± 0.4 11.3%
M2 2.5± 0.2 4.0± 0.3 11.9± 1.0 6.6± 0.3 16.3%
M3 2.7± 0.2 4.1± 0.5 12.2± 1.4 5.2± 0.1 21.2%
Merger Tree B, n=2
M0 3.6± 0.0 6.9± 0.1 10.9± 0.1 2.0± 0.0 4.5%
M1 3.2± 0.2 5.7± 0.4 15.3± 1.0 4.5± 0.2 9.9%
M2 3.1± 0.2 5.2± 0.3 15.0± 0.9 5.0± 0.2 14.6%
M3 3.0± 0.3 4.6± 0.6 14.2± 1.8 4.6± 0.2 21.4%
Merger Tree B, n=1
M0 3.7± 0.0 7.1± 0.1 9.2± 0.1 1.0± 0.0 4.4%
M1 3.4± 0.2 6.3± 0.3 14.9± 0.8 3.3± 0.1 11.0%
M2 3.4± 0.1 5.7± 0.3 15.9± 0.8 4.3± 0.2 15.9%
M3 3.2± 0.3 4.7± 0.6 14.7± 2.0 4.2± 0.2 23.5%
5, not unlike the values derived by Cappellari et al. (2006,
2013). In initial models, corresponding to massive, compact
galaxies at z ∼ 2, K? is 40 to 60 per cent higher.
Notable in Figure 6(b) is that, as the galaxy grows by
a series of mergers, K? evolves away from the K?-n rela-
tionship for the fDM(Re) of the models: at the end of the
merger sequences K? has dropped to values corresponding
to fDM(Re) > 45 per cent, while models have fDM(Re) 6 25
per cent (Table 5). The low values ofK? reflect that σe is ‘too
high’ for the Re and fDM(Re) of the post-merger galaxies.
We expect this behaviour to be general for galaxies grown
by mergers that deposit matter in the outer parts: the inner
σe remains ‘frozen’ to the initial value, and therefore higher
than a simple isotropic, equilibrium configuration would pre-
dict for the final, higher Re. K? decreases with fDM(Re)
(Figure 7b) as a result of the increase of Re shown in Fig-
ure 8b: as the galaxy accretes matter in its outer parts, more
and more dark matter lies within the luminous boundary of
the galaxy.
5.2.3 Evolution of Klim
The evolution of Klim for the merger models is plotted in
Figure 6c against the Se´rsic index of the luminous matter
distribution. Klim ranges from ∼9 to 16, and rises during the
merger evolution for models with initial n = 1 or 2, while it
remains nearly flat for models with initial n = 4. Compari-
son with the Klim−n relations (dashed lines) shows that the
merger evolution leads to Klim values below those expected
for the dark-matter fractions fDM(Re) of the models. We
expect the evolution of Klim to be driven by the increase of
the dark matter fraction within the luminous extent of the
galaxy fDM(rcutoff), and we show in Figure 7c that this is
indeed the case.
For the initial compact galaxies, fDM(rcutoff) ≈ 20 (49)
for n = 1 (4). The accretion of matter in the outer parts
quickly expands the luminous bodies so that a larger volume
of the massive dark haloes now contributes to the dynami-
cal mass inside the luminous body (final fDM(rcutoff) ≈ 70)
with final Klim ≈ 12 − 16. While Klim grows in a nearly
linear fashion with fDM(rcutoff) (Figure 7c), which indicates
that the total dynamical mass of the galaxy is dominated by
dark matter, it shows a complex behaviour with compact-
ness (Figure 8c), a sign that growth of the luminous galaxy’s
physical boundary is not due to an increase of Re but to the
increase in the Se´rsic index n.
Further information can be obtained by distinguishing
the structural and kinetic components of Klim defined in
equations (4) and (5). In Figure 9 is plotted their evolution
as a function of Klim for all the merger tress. While Kkin on
average varies only by 2.9 per cent, Kstr varies by ∼25 per
cent, driving the evolution of the main parameter Klim. Sim-
ilar results are obtained decomposing the other K parame-
ters. Their evolution is thus driven by the structural change
in the density profile, rather than by a change in the veloc-
ity distribution within Re. The final galaxies mostly keep
their original kinematic properties and degree of anisotropy
within Re.
5.3 Is MJAM a good tracer of ML, M
dyn
e and M
dyn
1/2 ?
We provide here a direct comparison of MJAM to ML, M
dyn
e
and Mdyn1/2 . As defined by Cappellari et al. (2013) and de-
scribed in section 2 (equations 11 and 13) MJAM is a mass
parameter computed from (M/L)r<Re , which provides esti-
mates of ML and of M
dyn
1/2 . How good are these estimates? To
evaluate this we can mimic the computation of MJAM in our
models, under the assumption that our luminous particles
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Figure 10. For all the merger models, MJAM is compared to:
top: the total luminous mass ML; middle: the dynamical mass
within Re, M
dyn
e ; and bottom: the dynamical mass within Re,
Mdyn
1/2
.
have a constant M/L ratio, as:
MJAM =
(
ML+D
ML
)
r<Re
(ML)r<rcutoff . (32)
Figure 10 shows the deviations of MJAM with respect to
ML, M
dyn
e and M
dyn
1/2 , along each of the merger sequences.
The figures show that MJAM is an excellent measure of ML
for the initial, compact models, no matter the value of the
Se´rsic index, but overestimates ML by about 25–40 per cent
once galaxies have grown at the end of the merger sequence.
This is due to the increased dark matter fraction in evolved
models, and in fact the deviation is about fDM(Re):
MJAM −ML
ML
=
fDM(Re)
1− fDM(Re) ∼ fDM(Re). (33)
MJAM overestimates 2M
dyn
e by 20 per cent for n = 4 models,
and by 40 per cent for compact n = 1 cases. The deviation
here is a function of the Se´rsic index, and is always bigger
than about 20 per cent:
MJAM − 2Mdyne
2Mdyne
=
M
1/2
L
MeL
− 1. (34)
Finally, MJAM is an excellent measure of 2M
dyn
1/2 in all
merger stages and for all values of the initial Se´rsic index.
The deviation in fact takes the form:
MJAM − 2Mdyn1/2
2Mdyn1/2
=
fDM(r1/2)− fDM(Re)
1− fDM(Re) ∼
∼ fDM(r1/2)− fDM(Re), (35)
which is almost always negative and smaller than 10 per
cent.
5.4 What does 5.0Re σ
2
e/G measure?
From the subsections above, the expression
M = 5.0Re σ
2
e/G (36)
may be used as an estimate of the luminous mass ML to
an accuracy of about 30 per cent, regardless of compact-
ness. That equation 36 provides a good approximation to
ML was already noted by Cappellari et al. (2013). For mas-
sive compact galaxies such as those commonly found at high
redshift, equation 36 needs to be corrected up by ∼20 per
cent (n ≈ 4) to ∼40 per cent (n ≈ 1) in order to yield
ML; a much better estimate is provided by the K?(n) rela-
tion expected from equilibrium models without dark matter
(Equation 31), with errors smaller than 10 per cent. For an
extended galaxy, the dark matter fraction and the relations
from Table 4 should be considered, yielding errors of 10 – 15
per cent from the uncertainty on the shape of the dark mat-
ter density profile. Since these uncertainties are significantly
smaller than those of stellar masses derived from stellar pop-
ulation modelling techniques, equation 36 provides a means
of constraining the initial mass function (IMF) of galaxies
from simple structural and dynamical measurements.
How accurate is equation 36 as an estimate of the dy-
namical mass Mdyn1/2 ? For compact galaxies, it needs to be
corrected down by ∼40 per cent (n ≈ 4) to ∼25 per cent
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Table 6. Evolution of physical properties from the initial com-
pact galaxy (i) to the final remnant of the dry merging process
(f).
M.T.
M
f
L
MiL
Rfe
Rie
σfe
σie
nf
ni
K?,f
K?,i
ρ Σ
A,n=4 2.39 5.40 0.86 1.80 0.60 1.94 -0.18
A,n=2 2.33 5.12 0.90 2.65 0.56 1.93 -0.12
A,n=1 2.30 4.93 0.91 4.68 0.56 1.91 -0.11
B,n=4 2.99 4.86 0.95 1.33 0.68 1.45 -0.05
B,n=2 2.90 4.42 0.99 2.31 0.67 1.40 -0.01
B,n=1 2.87 4.34 1.00 4.11 0.66 1.39 0.00
(n ≈ 1). For extended ellipticals, equation 36 provides a
good approximation to twice Mdyn1/2 , as discussed in Sec. 2.
Better estimates of Mdyn1/2 are provided by the K1/2,dyn(n)
relation without dark matter (or Equation 31 divided by
2), with errors up to 10 per cent, regardless of compactness
and dark matter fraction. Finally, equation 36 provides a
poor estimate of the total dynamical mass within the lu-
minous body of the galaxy Mlim. Notwithstanding that our
measurements of Mlim are model-dependent, the predictions
from equation 36 need to be scaled up by factors of 2 to 3. A
rough estimate of Mlim, with accuracy of about 30 per cent,
can be obtained by using Klim = 10 for compact galaxies
and Klim = 15 for extended ones.
5.5 Relation between the growth in size and in
velocity dispersion
Several studies have shown that elliptical galaxies cannot
remain homologous to themselves when undergoing mergers
(Bertin et al. 2002; Cappellari et al. 2006). In this paper
the non preservation of homology has been characterized
with the Se´rsic index n and with the virial parameters K,
all of which change during the mergers. Following Peralta
de Arriba et al. (2015), another indication of non-homology
can be found by comparing the increase in effective radius
and effective velocity dispersion in each merger event, as
a function of the corresponding increase in mass. To that
end we compare the exponents ρ and Σ of the power-laws
describing the evolution of Re and σe with ML, such that
Rfe
Rie
=
(
MfL
M iL
)ρ
(37)
σfe
σie
=
(
MfL
M iL
)Σ
. (38)
where superindices i and f denote before and after each
merger, respectively. Assuming a constant dark matter frac-
tion, the value of K remains constant if Σ = (1−ρ)/2. How-
ever, both observations and simulations agree that galaxies
evolving by mergers do not follow this relation, but rather
their growth in size is not accompaigned by a corresponding
decrease in velocity dispersion (Peralta de Arriba et al. 2014,
[h]
Figure 11. Plot of the effective radius and velocity dispersion
growth factors (ρ and Σ, respectively) for every merger in our
simulations.
2015). This leads to a decrease in the value of K during the
process. In Figure 11 are plotted ρ and Σ for every merger
presented in this paper. Our values show a trend similar to
the one found in other studies, except for a slightly larger
decrease in Σ. Aside from a particularly small satellite (cyan
markers), the trend is fairly tight in the ρ−Σ plane, and its
best-fitting relation is:
Σ = −0.24 ρ+ 0.30. (39)
The deviation from homology is thus systematic and consis-
tent, causing a decrease in K in every merger. In Table 6
we show the overall evolution of global parameters in each
Merger Tree, together with the ρ and Σ values computed
for the whole Merger Trees. Remarkably, the evolution of
K? seems to not depend on the initial Se´rsic index, but only
on the the Merger Tree configuration; a consequence of the
relation between ρ and Σ and of the weak dependence of the
size growth (ρ) on n. This consistency is then due once again
to the fact that the matter from the satellites is deposited
mostly in the outskirts, increasing the effective radius with-
out touching the central regions. This process also makes the
final σe similar to what would have been the average velocity
dispersion of the initial galaxy within the larger Re of the
final remnant galaxy. This might explain why the relation
between the evolution of Re and σe appears so tight, and
why Σ shows a small dependence on the initial Se´rsic index.
The fact that our trend shows a larger decrease in velocity
dispersion than other studies might then be explained by the
particularly disperse dark matter haloes; with a larger halo
mass at intermediate radii the velocity dispersion wouldn’t
have decreased as much, and this decrease would have had
an even weaker dependence on the initial Se´rsic index. In the
real universe the difference in density between the progeni-
tor and the satellites might also be smaller, allowing some
satellite matter to enter the inner regions and raise the ve-
locity dispersion. Despite all this, the trend we found can be
an indication for the morphological evolution we can expect
from dry mergers.
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6 LIMITATIONS
These results have been obtained with several assumptions
which might be avoided or made better by future studies:
• The number of experiments is small. Only two different
merger trees have been studied, hence the conclusions do
not carry statistical value. As noted in the Introduction, we
aim at an exploration of the trends rather than a statistical
analysis to compare to observational catalogs.
• Initial models were spherical, non-rotating isotropic
spheres. Rotation and/or dynamical anisotropy in the pri-
mary or secondary galaxies might change the structure and
dynamics of the remnants. For a given galaxy mass, tangen-
tial (radial) anisotropy would cause lower (higher) velocity
dispersions and thus a larger (smaller) value ofK. We expect
these deviations to be of second order compared to the ones
caused by different Se´rsic indices and dark matter fractions.
• The size of our satellite galaxies was taken from the
Shen et al. (2003) relation, which made them significantly
less dense than the progenitors, the size of which was picked
to be very small, comparable to the observed massive com-
pact galaxies at high redshift. Our merger experiments did
not include a true major merger of equally-dense galaxies,
even if we included a 1:1.4 merger in one of the merger trees.
While the properties of our interacting galaxies were moti-
vated by either observations or simulations, our setup rep-
resents only a particular case.
• We assumed that the dark matter haloes are 10 times as
massive as the luminous part of their galaxy, and we took
their size from cosmological simulations, regardless of the
size of the galaxy. A compact galaxy like our progenitors
might however have a more dense dark matter halo, due to
the deeper potential well in the centre. More precise studies
on the shape of dark matter haloes are needed in order to
understand this.
• The simulations were collisionless, while many massive
compact ellipticals at high z are known to contain gas (Pa-
povich et al. 2006). Gas would likely dissipate during the
mergers and trigger a strong starburst in the remnant central
regions, thus likely increasing the central densities (Barnes &
Hernquist 1996). We expect this would contribute to ‘fill-in’
the central density deficit seen in the surface density profiles
of the n = 1 and n = 2 merger sequences. Gas might also
have an effect at larger radii. Morishita & Ichikawa (2016)
suggested that gas in satellite galaxies can be triggered into
star formation during otherwise ‘dry’ mergers, contribut-
ing to the overall size increase. More in general, Hopkins
et al. (2009) showed that gas must be an important player
in the merger-driven growth of galaxies in order to reproduce
the observed morphology-mass relation, since disc galaxies
would be much rarer otherwise. Nevertheless, reproducing
and analysing the full variety of possible galaxy assemblies
is beyond the scope of our study, which instead wanted to fo-
cus solely on the effects of dry-merger-dominated formation
histories on the structure of elliptical galaxies.
7 CONCLUSIONS
• Our simulations add to the evidence that the dry merger
hypothesis can explain the extreme size growth of massive
elliptical galaxies between z = 2 and z = 0, by simulating
realistic accretion histories with accurate Se´rsic-like initial
models. The final remnants have an effective radius ∼ 5
times larger than their progenitors despite having increased
their mass only by a factor of ∼ 2.5. The final effective
radii, masses and dark matter fractions are compatible with
galaxies in the local universe and with previous simulations
on the subject.
• The entity of the growth induced by this process slightly
depends on the Se´rsic index of the initial main galaxy: a
larger n corresponds to a larger overall size increase. This
dependency is however small. Due to the compactness of the
initial galaxy the matter from the satellites is deposited at
pretty much the same radius. The dependency arises mostly
because of the different amount of matter in the progeni-
tor’s outskirts, which is heated by the mergers increasing
the radius of the galaxy. In either event, the dependence of
the growth on the Se´rsic index of the initial main galaxy
is significantly smaller than the dependence on the specific
merger history of each galaxy.
• The growth process increases the best-fitting Se´rsic in-
dex of the main galaxy, thus breaking homology. This hap-
pens because the matter from the satellites is disproportion-
ally deposited in the outskirts of the original galaxy. The
final surface brightness profile shows deviations from the
Se´rsic law; the high density contrast between primary and
merging satellites contributes to the two-component nature
of the surface brightness profile. The amplitude of the resid-
uals is however not unlike that found in real ellipticals.
• For isolated, spherical, isotropic Se´rsic galaxies with
dark matter, we provide three different parameters K ≡
GM/Re σ
2
e , widely used as mass estimators, and their de-
pendency on the Se´rsic index n and on the dark matter
fraction within Re (Table 4; Figure 6). K? and K1/2,dyn
both decrease as n increases, whereas Klim increases with
n. Increasing the dark matter fraction, K1/2,dyn and Klim
increase, and K? decreases. Both dependencies should be
taken into account in order to have more precise mass esti-
mates.
• In our merger simulations K? decreases, but the pattern
of this decrease does not follow the one predicted by the K-
n relation of isotropic equilibrium models: σe decreases less
than what would correspond to the increase of Re; this shows
that ellipticals grown by minor mergers are two-component,
core-envelope dynamical systems not homologous to their
progenitors. On average, the initial compact galaxies have a
value of K? around 7.5, the final remnants around 5.
• The parameter Klim ≡ GML+D/Re σ2e provides the to-
tal dynamical mass within the luminous body of the galaxy
from its observables Re and σe. In the dry merging process
its evolution is driven by the expansion of the total size of
the galaxy, which encloses more and more dark matter. This
dramatically raises the total dynamical mass of the galaxy
within its luminous body, and thus the value of Klim. Over-
all Klim grows from around 9 (compact galaxies at high z)
to around 16 (remnants at z = 0).
• The expression M = 5Re σ2 /G underestimates Mlim,
the total dynamical mass within the luminous body, by a
factor of ∼2 in z = 2 compact ellipticals, and by a factor
of ∼3 in z = 0 massive ellipticals. This expression provides
instead a useful approximation to the total stellar mass of
z = 0 massive ellipticals, and thus a means of constrain-
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ing the IMF of stellar populations of ellipticals from simple
measurements of surface photometry and global kinematics.
• In each simulated merger event, the evolution σe with
ML relates to the increase in Re with ML in a specific way
(Fig. 11) that is incompatible with homology: homologous
evolution requires a stronger than observed decrease in σe
when Re increases. The evolution of σe and Re is similar to
that found in the cosmological simulations of Tapia et al.
(2013) and from the prepared merger simulations of Hilz
et al. (2012), and is close to that inferred for real galaxies
by Peralta de Arriba et al. (2014, 2015).
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APPENDIX A: THE CODE
The galaxy models used in this paper have been generated
with a code written specifically for it and available to any-
one interested (email M. Frigo). This code generates models
of spherical galaxies with a dark matter halo, in which the
surface brightness of the luminous component follows the
Se´rsic law. It allows the user to choose the size and mass
of both the luminous and dark components, the Se´rsic in-
dex of the luminous component, the anisotropy radii of the
two components, the number of luminous/dark particles, the
minimum and maximum radii of the model and the gravi-
tational constant. The Se´rsic law tendency is achieved by
adopting the Prugniel-Simien mass density profile (Prugniel
& Simien 1997) for the luminous component, while the dark
component is generated according to the Hernquist profile
(Hernquist 1990), which has been shown to provide a rea-
sonably good description of dark matter haloes. The code
can also generate models in which the luminous component
follows the simplier Jaffe law (Jaffe 1983).
A1 Two component Prugniel-Simien/Hernquist
models
The stability of the generated models is ensured by adopt-
ing the Eddington formula (Eq. (A1)), which given a mass
density profile allows to calculate the distribution function
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that makes the system gravitationally stable:
f(E) = 1
2
√
2pi2
(∫ E
0
d2ρ
dΨ2
1√
Ψ− E dΨ +
1√E
(
dρ
dΨ
)
Ψ=0
)
(A1)
This equation stems from the assumption that the distribu-
tion function only depends on the energy and angular mo-
mentum of the particles, which for a stable and collisionless
gravitational system is garanteed by the Jeans theorem. In
a simple one-component system the potential in the second
derivative is simply the one obtained by applying the Pois-
son equation to the mass density profile. In a system of two
components however, the distribution function has to be cal-
culated separately for each component, by using the mass
density profile of the specific component and the gravita-
tional potential of the whole system, Ψ = Ψlum +Ψdark. The
code also allows to create anisotropic models, constructed
according to the Osipkov-Merritt recipe (Osipkov 1977, Mer-
ritt 1985). It consists in defining a new variable
Q = E + J
2
2ra
(A2)
which substitutes the energy in the Eddington formula, ob-
taining:
f(Q) =
1
2
√
2pi2
(∫ Q
0
d2ρQ
dΨ2
1√
Ψ−Q dΨ +
1√
Q
(
dρQ
dΨ
)
Ψ=0
)
(A3)
where
ρQ(r) =
(
1 +
r2
ra2
)
ρ(r). (A4)
The parameter ra is known as the anisotropy radius, and the
model is isotropic within it and radially anisotropic outside
of it.
Numerically, the code first assigns the positions of the par-
ticles in a pseudorandom way that makes them follow the
given mass density profile, using the inversion sampling
method. Then it assigns the velocities according to the dis-
tribution function obtained from the Eddington/Osipkov-
Merritt formulas, using the acceptance-rejection method.
The distribution function is calculated for each radius at
the start of the routine, computing the integral numerically
with the Gauss-Chebyshev quadrature.
A2 Accuracy and stability of the generated
models
The generated models follow remarkably well the corre-
sponding Prugniel-Simien and Hernquist profiles with the
same input parameters. The surface brightness of the mod-
els thus follows a Se´rsic law, with Se´rsic index close to the
one selected by the user (Fig. A1). The stability of the mod-
els can be observed in Figure A2, where the radii enclosing
1,2,5,... per cent of the luminous mass are plotted over time
for an isolated model. In about 100 dynamical times we ob-
serve almost no variation in the half-mass radius, or even
in the 10-per-cent mass radius. The 1-per-cent and 2-per-
cent radii see a slight increase, due to numerical limitations
(limited number of particles in the central region, softening
lenght,...). The 90-per-cent radius sees a slight decrease in-
stead, due to the fact that the model is cut after the selected
maximum radius.
Figure A1. Upper panel: Surface mass density profile of one of
the models fitted with a Se´rsic law. The input value of n was 4,
while the best-fitting value is 4.21. Lower panel: residuals of the
fit.
Figure A2. Radii enclosing 1 per cent, 2 per cent,... of the lu-
minous mass plotted over time for one of the models (progenitor
galaxy of Merger Tree B).
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure A3. Se´rsic fits of the surface mass density of all the 6 final remnants.
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